MATH1013 Calculus | Problem Set 7
L02, L10 (Fall 2025)

Solution to Problem Set 7

1. (a) Thegraphof f isasshown below.

y=fk)
2 S
1 —o0
0 1 2 3

The given integral represents the total area of a unit square and a rectangle with height 2 units and base

width 1 unit, i.e.
3
ff(x)dx=1-1+2‘1=3.
0
(b) We have

3+(x—1D+(x—-2) if0<x<1 (2x fo<x<1
3—Jx—1]—-|x—=2]=43-(x—-1+(x—-2) ifl<x<2=42 ifl1<x<2,
3—(x—-1)—(x—-2) if2<x<3 6—2x if2<x<3

and the graph of the integrand is as shown below.
A

y=3-lx—1l-|x 2|
2

N,
>

0 1 2 3

Referring to the graph, we see that the given integral represents the area of a trapezoid (trapezium) with base

widths 1 and 3 units and height 2 units, so

1+3

3
f(3—|x—1|—|x—2|)dx=— 2=4
0 2

(c) The graph of the integrand is as shown below.

2 y =4 —x?

(aa=)

N,
>

The given integral represents the total area of a circular sector of angle arcsin% and of radius 2 centered at

the origin, together with a right-angled triangle beneath it, as shown in the diagram. So

.. a
a arcsin = 1 a 1
f Va—x2dx = Z, m(2)? + = (a) (\/4 - a2) = 2arcsin— + —a+/ 4 — da?.
o 2n 2 22
area of sector area of triangle
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2. (a)

a b b b b
f cos?xdx = f —cos?xdx = f (sin?x — 1)dx = f sin? x dx — f dx
b a a a

a

=I-(b-a)=I+a->b

(b)

b b b b
f costdxzf (1—Zsin2x)dx=f dx—2f sin? x dx
a a a

a

=Mb—-a)—2I=b—a-2I

3. Let f:(0,4%) > R bethe function f(x) =Inx. Since

1
fr@==-5<0

for every x > 0, we observe that the graph of f is concave downward on (0,+o). Nowlet a = 2 be given.

(@) Consider the trapezium bounded by the tangent line to the graph of f
at the point (a,lna), the x-axis, and the vertical lines x = a — i and y=Inx
x=a+ % The area of this trapezium is Ina. Since the graph of f
is concave downward on [a—i,a+§], the region represented by

1
a+>

fa_f Inx dx lies completely inside the trapezium. Therefore
2

\ 4

+1 1 1
arz a-> a+;
11nxdx$lna. 2

a3

(b) Consider the trapezium with vertices (a,Ina), (a —1,In(a — 1)), A
In(a-1)+Ina y=lnx
2

since the graph of f is concave downward on [a—1,a], the

(a—1,0) and (a,0). This trapezium has area Since
trapezium lies completely inside the region represented by
faa_llnxdx (cf. Remark 4.76). So

a In(a—1) +Ina
f lnxdxzf- a—1 a
a—-1

Y
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4. (a) Forevery x € [0,1], we have x3 < x2. Since the function cos is strictly decreasing on [0, 1], we have
cos(x3) = cos(x?) for every x € [0, 1],

i.e. g(x) = f(x) forevery x € [0,1]. Therefore

1 1
J- gx)dx = f fo)dx
0 0
by integral inequality. Note that the inequality = can actually be replaced by a strict inequality > because

in fact x3 < x? forevery x € (0,1).

(b) Note that the function f(x) = cos(x?) is strictly decreasing on [0,1], and recall from Remark 1.61 that the

graph of f~1 isthe “mirror reflection” of the graph of f across the line y = x.

1 Y= 6O 1 y=f1x) 1
A
cos1 cos1
A
B
0 1) 0 cos1 1; 0 1)

Now refer to the above diagrams with two regions whose areas are A and B. The integral folf(x)dx
1

represents the area A + B, while cos1

f~1(x)dx represents the area of a region that is congruent to A only.

Therefore

flf(x)dx> ' Fi(x)dx.
0

cos1l

Remark: Note that the reasoning in (b) applies not only to the function f(x) = cos(x?), but also to any

strictly decreasing function with appropriate domain and range.

5. Let g:[0,1] —» [0,4+) be the piecewise defined function

x if x € [0,1/2]

9(x) = {1 —x ifxe(1/2,1]

N |-

y=gx)

Then g is non-negative and continuous on [0,1], and folg(x)dx represents

\ 4

the area of the isosceles triangle with vertices (0,0), (1,0) and G,;), so 0

N =

1 1

1 1
fog(x)dx=§-1-§=z

Now by the given condition we have f(x) < g(x) forevery x € [0,1]. So by integral inequality we have
1

folf(x)dx < folg(x)dx =3
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6. (a) Since f is continuous on [a, b], f must attain global maximum and global minimum on [a, b] according to

Extreme Value Theorem, i.e. there exist ¢, c, € [a, b] such that

flc) < f(x) < f(cy) for every x € [a, b].

By integral inequality, we have

Lbf(cl)dx < Lbf(x)dx < Lbf(cz)dx,

ie. flc)b—a)< fff(x)dx < f(c)(b — a). n

(b) Dividing each component in the inequalities obtained in (a) by the positive number b — a, we see that there

exist ¢y, ¢, € [a,b] such that

1 b
fle) <5 [ redx< £

Since f is continuous on [a, b], according to the Intermediate Value Theorem there exists ¢ between ¢,

and ¢, suchthat

1 b
f©=5— [ rwa,

i.e. f:f(x)dx = f(c)(b—a). Suchanumber ¢ belongsto (a,b) also. [ |

J-(tan 0 + cot0)?do = f(tan2 0 + cot? 6 + 2tan O cot §)db
= J‘[(tan2 0+ 1)+ (cot? 6 + 1)]do

=fse029d9+fcsc29d9=tant9—c0tt9+C,

where C is an arbitrary constant.

(b)

1 1 1 1
dx=—f dx = —arcsinx + C,

J@2 —2x)(2 + 2x) 2) V1 —x2 2

where C is an arbitrary constant.
(c)
(ZeZ)t 2t+262t

t+2,2t =4122t =4. —

f e“tdt (2e)tdt 1n(2e2)+c 2+ln2+c'

where C is an arbitrary constant.
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(d)

x* 5 1 5 1
J-deZJ-(X —1+m>dx=fx dx—fdx+fmdx

1
=§x3 — x + arctanx + C,

where C is an arbitrary constant.

(e)

cos? x

=4J-sec2xdx—fdx

=4tanx—x+C,

3 +sin’x 4 — cos? x
| = e
cos? x

dx = f(4 sec? x — 1)dx

where C is an arbitrary constant.

(f) Ontheinterval (—g,g), we have

—dx = X =
1+ sinx (1 + sinx)(1 — sinx)

f sinx (sinx)(1 — sinx) f sinx — sin? x

1 —sin?x

f sinx — sin? x
cos?x

f(l —sec? x + sec x tan x)dx

=x—tanx +secx + C,

where C is an arbitrary constant.

do \3

= (tan?6 — 1)(tan®?H + 1) = tan* 6 — 1.

(b) According to the result from (a), we have

1
jtan"@d@ = (gtan39 —tanQ) +jd9

1
=§tan39—tan9+9+(3,

where C is an arbitrary constant.
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9. (a) Since - k, we have
dx

1
yzf(x—k)dxzixz—kx+C,
where C is some constant. Since y =0 when x = k, we have
1
0 =§k2 —k(k) +C,
so C =%k2. Therefore,

1 1
y =§x2 —kx+§k2.

(b) Since Z—Z =y, using the result from (a) we have

du_l 2k +1k2
dx_Zx x 2

Thus,

_f(lz k+1k2)d —1j 2d kj d+1k2fd
u=| 5% X+ x =5 | xtdx xdx + - x

—1<1 3) k(l 2)+1k2 +D—1 3 1k 2+1k2 +D
—23* ¥ ) TR T E g Ty ey

where D issome constant. Since u = 0 when x = k, we have

0= 1k3 1k(k2)+1k2(k)+D
6 2 2 ’

soD=—%k3. Therefore,
1 1 1 1 1 1
13 I pa2 4 T2, 13 _ T (a3 _ 2 20 _13Y — 2y — )3
u—6x 2kx +2kx 6k 6(x 3kx? + 3k*x — k3) 6(x k)3.

10. (a) Let x(t), v(t) and a(t) denote respectively the position, velocity and acceleration of the particle after t

seconds. Now a(t) = k — 2t, so
v(t) = fa(t)dt = f(k —2t)dt = kt — t? + C,

where C is some constant. Since v(0) =0 and v(2) = 12, we find that

{k-0—02+C=0
k-2-224C=12

so C=0 and k =8.

(b) Wehave v(t) =8t —t2=t(8—1t),s0 v(t) =0 onlywhen t =0 or t =8. Since

ifo<t<8

>0
”(t){<o ft>8

the particle will change its direction of motion right after 8 seconds.
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11.

12.

(c) We have
1
x(t) = f v(t)dt = f(8t —t3)dt = 4t% — §t3 +D,
where D issome constant. Since x(0) = 0, we have 4(0)% — §(0)3 +D =0,s0 D=0 aswell. Thus,
1
x(t) = 4t? — §t3.

If the particle returns to its original position, then we have x(t) =0, i.e. 4t? — §t3 = 0. This gives t =0

or t =12. So the particle will return to its original position after 12 seconds.

Let x(t) and v(t) denote respectively the position and velocity of the particle t seconds after it starts moving.

Now the constant acceleration of the particle is —2 m/s?, so
v(t) = f —=2dt =-2t+C,

where C is some constant.

Since the initial speed is 16 m/s, we have v(0) = —2(0) + C = 16,s0 C = 16. Thus
x(t) = fv(t)dt = f(—Zt +16)dt = —t? + 16t + D,

where D is some constant. But x(0) =0 gives D = 0.
After the particle travels exactly 48 metres, we have x(t) = —t? + 16t = 48, so
t?—16t+48 =0
t-4(t-12)=0,
giving t =4 or t =12.
At t =4, we have v(4) = -2(4) +16 =8;at t = 12, we have v(12) = —2(12) + 16 = —8. At both instants,

the speed of the particleis 8 m/s.

. da? . S .
Since é = 6, taking antiderivatives twice we have

d
é=f6dx=6x+€ and y=f(6x+C)dx=3x2+Cx+D,
where C and D are some constants.

= 0. Thus we have
x=2

Since y attains a minimum value of 5 at x = 2, we have y(2) =5 and %

{3(2)2 +C(2)+D =5
6(2)+C=0’
so C =—12 and D = 17. Therefore the equation of the curve is given by

y =3x%—12x + 17.
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13. (a) The area of the shaded region is given by

Vs
f sinx dx = [—cosx]§ = (—cosm) — (—cos0) = 2.
0

(b) Since the area under the graph f between x = a and x = m — a is half of the whole shaded area, this part

of the region has an area of 1 squared unit. Thus,
m—a
1= J- sinx dx = [—cosx]T~% = [—cos(m — a)] — (—cosa) = 2 cos a.
a

Since a € (0, g), this implies that a = arccos% = g, and so

T V3
—51na—sm3— 2

>0 ifte[0,1]uU][2, +»)

<0 ifte (—o0,0)u(1,2) VENVE

14. (a) Since t3—3t?2+2t=t(t—1)(t — 2){
3
f [t3 — 3t + 2t|dt
-1

0 1 2 3
= —f (t3 —3t%2 + 2t)dt + f (t3 —3t% + 2t)dt — f (t3 —3t% + 2t)dt + f (t3 —3t% + 2t)dt
-1 0 1 2

1 ° o 2 n 3
=- —t4—t3+t2] +[—t4—t3+t2] —[—t4—t3+t2] +[—t4—t3+t2]
[4 4 L4 o 14 4

(03 G003 G-o)-s

1 2

(b)

J‘%l—sins'edg_J%l—sin@(l—cosze)d9_1%< 1 sin 8 i Q)de
o cos?0 A cos26 ~J, \cos28 cos?6 st

s

z T
= Jll(sec2 6 —secOtan 6 + sinH)d6 = [tan O — sec § — cos O]

0

=<1—ﬁ—?>—(0—1—1)=3—¥

(c)
V31 4 x + x2 V31 4 2 x
f 73dx=f et —— | dx
. x+x . \x+x3 x+x8

V3 1 1
— J. <_ + 2) dx = [Inx + arctan x]
; \x 1+x

<|

3
1

T

(5 )0+ =gms+

4
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15. (a)

(b)

16. (a)

(b)

1 1 . . .
P = <7 for every x € [k,k + 1]. By the integral inequality,

k+1 1 k+1 1 k+1 1
—— _dx<| —dx<| —dx,
fk (k + )P x—fk xP x—fk v

For each positive integer k, we have

and so

1 k+1 1 1
— < —dx < —.
(k+ 1P fk xS e
Now for every positive integer n, we sum each component from k=1 to k =n. Thisgives

k+1 1

n n n
Y2 wE2n
- < —dx< ) —
P P P
k=1 (k+1) rerd k=1k

n+1 n+1 1

1_ <" 1
Zk_l’_fl <) i
k=1

k=2

which is the same as

(i) For each positive integer n, using the right inequality of the result from (a) with p = 1, we get

n+1
1

o1 1
ZEZJ ;dxz[lnx]’f“=ln(n+1)—ln1=ln(n+1).
k=1

(ii) For each positive integer n, using the left inequality of the result from (a) with p = 2, we get
n+1

1 n+l g 1+t 1
R A [ P
Zkz j1 x? g xly n+1

Thus,
n n+1
Z 1 14 Z 1 1 <2 1 1 <2
k2 k? (mn+1)?~ n+1l (nm+1)2 '
k=1 k=2
Let u = cscx + cotx. Then du = —(cscx cotx + csc? x)dx. Thus

cscx (cscx + cotx) 1
fcscxdx=f dx=—f—du
cscx + cotx u

= —In|u| + € = —In|cscx + cotx| + C,

where C is an arbitrary constant.

Let u =e*. Then du = e*dx. Thus

R i Fot
errex " Jemy1™ T 1™

= arctanu + C = arctan(e*) + C,

where C is an arbitrary constant.
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(c)

cos® @ cos> 8 .
f—de =J-.—59csc29d9 =—fcot 6 dcotb

sin’ 6 sin
1
= —gcot6 6+C,
where C is an arbitrary constant.
(d)
In(u?)]? 1 4
f#du = J-(Z In|ul)? -Zdu = 4f(ln|u|)2dln|u| = §(ln|u|)3 +C,
where C is an arbitrary constant.
Alternative Solution: Let t = In(u?). Then dt = idu, so
[In(u?)]? 1 2 1 1 1
-~ | nu2n? -2 =_f2 _ 143 — Zn(u)3 i
J- ” du 2f[n(u)] udu 3 t4dt 6t +C 6[n(u)] +C

where C is an arbitrary constant.

3 1
(e) Let u=x2. Then x3=u? and du = zxidx = zﬁdx, o)

\/Ed_j 1 zd_2f 1 p
1+ X 172 3% 3 172

2 2 3
= §arctanu +C = garctan (x2> + C,

where C is an arbitrary constant.
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